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Abstract Professors Mingzhu Yang and Guangtian Zhu solved an open problem in

the spectral theory of neutron transport operators. They developed a unique method

to prove the existence of the strictly dominant eigenvalue of an unbounded asymmetric

linear operator arising in the neutron transport theory. Their results were published in

Scientia Sinica 21(3): 298-304 (1978). The results were acknowledged by Professor EW

Larsen at the University of Michigan, Fellow of American Nuclear Society. In this mini

review paper, I would like to introduce the background, content, and meaning of the

solved open problem for the appreciation of Professors Yang and Zhu’s contributions

to the spectral theory of neutron transport operators.
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,
������������	
�������������������� �!�"

��#�$�%�&�'
(1)∼(2)[1−2],

��(�)*�+��,�-�.�/�0�1�2�3��
:

∂ψ(−⇀r , v,
−⇀
Ω , t)

∂t
= − v

−⇀
Ω · ∇−⇀r ψ(−⇀r , v,

−⇀
Ω , t) − vΣ(−⇀r , v)ψ(−⇀r , v,

−⇀
Ω , t)

+

∫

E×V−⇀
Ω

k(−⇀r , v,
−⇀
Ω , v′,

−⇀
Ω ′)ψ(−⇀r , v′,

−⇀
Ω ′, t)dv′d

−⇀
Ω ′, t > 0

(1)

ψ(−⇀r , v,
−⇀
Ω , 0) = ψ0(

−⇀r , v,
−⇀
Ω) (2)

4�5
ψ(−⇀r , v,

−⇀
Ω , t) 6 �+����������������� ; −⇀r ∈ V 6 �+����7�8 , V 6�9�:�;*<+=�> �+?�)@ �*A+��B�C
, D ��$ @ " ΓV E�F�G�H ; v ∈ E = [vm, vM ] 6 �+����I�J�K�L ,

−⇀
Ω ∈ V−⇀

Ω
6 �+���I�J�&*M

, V−⇀
Ω
6�9�:�;*<+=�> �+N�7�O�" ; Σ (−⇀r , v) 6�P�Q�R�S " , k(−⇀r , v,

−⇀
Ω , v′,

−⇀
Ω ′) 6 ,�TU�V �

.W
H X�Y�Z C V ×E× V−⇀

Ω [�\�] %�^�&�_�`�a�%�����b�c���d�e*f+`���g���!�h�i�j��=�> .
�

H [�k�l�m !��*�+� U�V�n � :

L• ≡ −v~Ω · ∇−⇀r • −vΣ (−⇀r , v) • +

∫

E×V−⇀
Ω

k(−⇀r , v,
−⇀
Ω , v′,

−⇀
Ω ′) • dv′d

−⇀
Ω ′ (3)

U�V�n �
L
� k�l C D (L) 6*o $ @�p�q�r�s k � .

��(�)*�+��,�-
V
��.�/�0�1

V
�

p�q !
, D (L)

_ W k�l�t
D (L) ≡

{
ψ ∈ H | Lψ ∈ H ; ψ(−⇀r , v,

−⇀
Ω) = 0, ~Ω · −⇀n < 0, −⇀n 6 −⇀r ∈ ΓV u .�v�w�N�7*M+T }

x t &�' (1)
��2���y�� >�z�{ ,

h W _ W�| � > t } j�?�~���� ,
-�� | &�'

(1)∼(2) ���� X�� j m ! n ��#�$�%���� :
{ ∂ψ (t)

∂t
= Lψ (t) , t > 0

ψ (0) = ψ0 ∈ D (L)
(4)

�+� U�V���� �+��?�~*�+����� 6������ &�' (1)∼(2)
���

, ����������D ������� . � -
20 ��� 50 ������� ,

����� � ������?������ �� �¡�¢ ��&�v r � s 4 ~���� [2−3]. £ ��¤+¥)�¦�§�¨  �© ��?�ª�&�v*« n ��¬��®­�`��®v [4], ��¯�° l Laplace ±�² v . ] (4) ³ Laplace

±�² ψ̃ (s) =
∫
∞

0 dte−stψ(t), ´�µ�¶�·
ψ̃ (s) = (sI − L)−1ψ0 (5)¸ ] (5) ³�¹ Laplace ±�² , ´�µ�¶�· (4)

��º�­��
:

ψ(t) =
1

2πi

∫ γ+i∞

γ−i∞

dsest(sI − L)−1ψ0 (6)

t�»�¼ n � (6)
�+��`��

, ´�µ���½�¾ n ����� f (s) ≡ (sI − L)−1ψ0

��¿�~�a�^�" [ ���À © .
4 � 6 n ��Á�� À �*�+�*f+Â��ÄÃÅ� . ´�µ | ¿�~�a�^�"���j�Æ ¡�Z�Ç ��È�/�É : (1) Ê n��� ¹ (sI −L)−1 Ë ��Ì�) @ , Í s

« n �
L
��Î Í � ; (2) Ê n ��� ¹ (sI −L)−1 ¡ Ë � , Í

s
« n �

L
����Á ��Ï�Ð % ; (3) Ê n ��� ¹ (sI − L)−1 Ë � , D ��%�C ¡���Ñ b =�> H Ò �
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H
�+æ k , Í s

« n �
L
��ç�è�Á

; (4) Ê n ��� ¹ (sI −L)−1 Ë � Ò�D ��%�C�� H
� ¡ æ k ,

Í s
« n �

L
��é�ê�Á

.U�V�n �
L 6 � H [ ��ë�æ k z @�ì ] ¯ w © n � , ] D ��Á�� À 6 ì e�í���������� [5].������-

20 ��� 50 ������� ] D ��Á�0�î�� À , ï�ð�ñ�ò�� ��ó�ô ,
��? k � p�q ! , ¶�� »!�"���?�ª�Á�õ

[6]. ö λ∗ = min {vΣ (−⇀r , v)| −⇀r ∈ V, v ∈ E}.

(i) ÷ m Re (λ) ≤ −λ∗, Í λ 6 n � L
��Á��

;

(ii) Ë ��?�e�� c, ÷ m Re (λ) > c, Í λ 6 n � L
��Î Í � ;

(iii) ÷ m −λ∗ < Re (λ) ≤ c, Í λ 6 n � L
��Î Í � ��ø�ù ��Á ;

(iv) ÷ m ��ú −λ∗ < Re (λ) ≤ c
� Ë � n � L

� ø�ù ��Á , Í�û Ë � n � L
��?�~�ü���Á

λ0, D � Ï�Ð�=�> _ W o+ý ?�� ò�þ u�u ì�ÿ � Ï�Ð ������j ,
Ì��

Re (λ) > λ0

�
, λ 6 n � L��Î Í � .

·�� t � , � )®?®~ ì e�� � ���®)®� ��� l �®�®� (®)�	 � s �
	�� ³ ?®~
� � � �®�
“ � È�
���� U�V�������� ” [ 	�� � r » [7].

4 ~���� 6 : 6�� Ë � n � L
��a Ï�Ð % λ ��¶

Re (λ) = λ0, Im (λ) 6= 0[7]?
� 4 ~������ÄÃÅ� 6�� ��� 6�� Ë ���®)®� ��� l ��������� ÏÐ % ,

��������	�� � � ¯ t � >®Ï�Ð % � α Ï�Ð % [1−2].
�� �!�" p�q � Ï�Ð %*«��������

Ï�Ð % : (1) D�6 ü�� ; (2) D ��� � Ñ�£�D Á�����ü�/ ; (3) D � Ï�Ð�=�> _ W o+ý ?�� ( � e��x ��.
) ò�þ u�u ì�ÿ � Ï�Ð ������j .

2 � - ���üúüûüýüþ ÿ! 
� ?�" � ��� � �®��#�$ 6 o Larsen

�
Zweifel %�& � � � . '®µ � 1974 ��(®X ��)��X

Journal of Mathematical Physics Z � ��* ��+ , “At present we cannot show that complex

eigenvalues with real parts equal to λ0 do not exist”[8].
��È ��, � 1978 � , -�.�/ ��0 °21 $���43657��8�9;:=< (�>�?�@�A “ B�C ��D�E�F�G�H�I�J�K 57��L�M�N�O F�P�Q�R�S�F�T ”

F�U
*

[9].
*�V�F�W�X�Y�Z A :Y�Z�[

. \�]
(1) k(−⇀r , v,

−⇀
Ω , v′,

−⇀
Ω

′

) ≡ k (−⇀r , v, v′), ^�_�`�a�b�c2d7e�f ;

(2) g�h {−⇀r ∈ V |Σ (−⇀r , v) = 0, k (−⇀r , v, v′) = 0, v, v′ ∈ E }
F�i�j�k�l�m

;

(3) vΣ (−⇀r , v) n G�o�p�q�r�i�s�t , 0 ≤
∑

0 ≤ vΣ (−⇀r , v) ≤
∑

t <∞,
∑

0,
∑

t n�u t ;

(4) k (−⇀r , v, v′) n G�o�p�q�r�i�s�t ;

(5) g�h Θ ≡ {−⇀r ∈ V |k (−⇀r , v, v′) > 0, v, v′ ∈ E }
F�i�j�k�l�m

, v�g�h [V \Θ] w ΓV x�yz k�l�m
;

(6) 0 ≤ vm < v ≤ vM <∞.{�|�}�~
Re (λ) > 0

5
, ��� { R�S L

F�������T
, ����� { R�S L

F��������������
.� n [������ f F�Y�Z , ��A {������ V 57��������� F������2� ?�� λ0 n R�S L � k�F� �����

, v�  F�����D�¡�r�¢2£7¤�[�F ( ¥�u t � S�¦ ) §�¨�©�© G�o�F�����s�t�ª�« , ��¬��{ R�S
L
F�­������

λ ®�¯ Re (λ) = λ0, ° Im (λ) 6= 0.
��± n ¦�² 9�³�´ X�µ ¬ N �2�7F�YZ

. ¶�· ª { ª�¸�¹ ��º�» � ����� n { [ ��¼�½25 ��¾ ´�» F .
r�¿�À�Á�Â�Ã @2Ä » ?�Å�Æ FÇ j

.
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, ¶ - Ö {�× [�Ø�F�Ù�Ú�Û , Ü <�Ý Y�Z 5 F�Þ�ß “ ��� { R�S L
F�������T

” à�á
? ,
l

1981
Ô {â365 ² 8�9;:ã<�ä >�?�å Û�æ�ç�F�Y�Z [10],

æ�ç�è2é7ê ? p�ë 5 S�P�Q�R�S����������F � { f , A 5 S�P�Q�R�S�F�T�ì�U�í�î ? ��» F�ï�ð .Y�Z�ñ
. \�]

(1) vΣ (−⇀r , v) ò k(−⇀r , v,
−⇀
Ω , v′,

−⇀
Ω

′

) ó�ô�n V ×E ò V ×E × V−⇀
Ω
×E × V−⇀

Ω

< F�G�o�p�q
r�i�s�t

, v 0 ≤ vΣ (−⇀r , v) ≤
∑

1( u t ) <∞, 0 ≤ k(−⇀r , v,
−⇀
Ω , v′,

−⇀
Ω

′

) ≤ k1( u t ) <∞;

(2) g�h Θ ≡ {−⇀r ∈ V |Σ (−⇀r , v) = 0, k(−⇀r , v,
−⇀
Ω , v′,

−⇀
Ω

′

) = 0, v, v′ ∈ E,
−⇀
Ω ,

−⇀
Ω

′

∈ V−⇀
Ω
}
F�i�j

k�l�m
, g�h Θ

r2£ � ¹ n p�õ�¹���ö�÷ ó z F ± i g�ø�ù « , v�g�h Θ w ΓV x�y z k�l�m ;

(3) g�h Ξ ≡ {−⇀r ∈ V |k(−⇀r , v,
−⇀
Ω , v′,

−⇀
Ω

′

) > 0, v, v′ ∈ E,
−⇀
Ω ,

−⇀
Ω ′ ∈ V−⇀

Ω
}
F�i�j�k�l�m

, v�ú�B[�û�ü
,
Á�ü 5 F C�ý � −⇀r , k(−⇀r , v,

−⇀
Ω , v′,

−⇀
Ω

′

) ≥ k0( u t ) > 0, v, v′ ∈ E,
−⇀
Ω ,

−⇀
Ω

′

∈ V−⇀
Ω

;

� R�S L � p�������������� .

3 þ�ÿ����������
3.1 �	�	
	�

��A R�S L � { ������������� α, � �	
 t ] ì , (6)
r�¢	��[	�	��«

[2]

ψ(t) = O
(
eαt

)
ψα

0 +
1

2πi

∫ γ′+i∞

γ′
−i∞

dsest(sI − L)−1ψ0, γ
′ < α (7)

�	�
ψα

0 n ��������� ø Á	��F §�¨�©�©�A ± F�����s�t . γ′ n	�	� α > γ′ > � À�T���F �	� .

� Â�� Ç (1)∼(2)
F	��F�k	��¡	�	�	� A�n £ (7)

5��	� F	��[	 ø	!�] F , "	#�n £ α ø	!
] . α #�n	$	% 5 S	&	' ø X�i�F	(�ì O .   F � { f�A � ' ò	) R º	* ? ì�U	+	, [11].

3.2 -	.	/	0
{

20 1	2 70
Ô	3

, 4 ² ,
¸	5	6

, 7 � , 8	9 , : j , ; G	< 1 q c è�F 8�9	=	>�{	?	@ � [A @ [2,12]. ¶	B	C�ò�Ö	DFE�G	H�· ª ø	I�¯ FKJ	L�«�ZKM <KN	O ?�e ��F	P ý . Larsen Q	R {
1979

Ô ä > { 4 ²TS Journal of Mathematical Physics
: F�U �25�U	V ? À	W ø	I�¯ F�«�Z [13].

¶KBKC�· ª "KXKY�A � [KZK[�FK\^]`_KabS Transport Theory and Statistical Physics
: FKcKd

,�KeKf�²Kg�P�Q�ì�U�kKhKi H �KjKkKlKm x [ . 1995
Ô

,
í A kKh�WKn {KoKp «Kq�WKr ? �Ksi	f�²	g�P�Q�ì�U�k	h

.

3.3 t	u	v	w	/	0
¶�· ª Ü À�F�[�ª�ð	x ?	y ²�F 8�9 J	L ò	Q	z	{	| .

À Ü 8 J~}��	�	� { 1 q�F�¸	� ,
�

�	�	�	� F	�	�	�	�
, I�¯�?	� ¹�² = ò	1 q	�	��F 8 J�«�Z .

�	�	� J	� ?	� 5 F�[	 .
À	�

9 F �	�	�	��?	y ²�F	�	� ; o .
À�F	��S �	�	� Û .

À�p�÷	� å	� F	��S ò S	� �	� F �	� x�
. ° À u�u	  À �	¡	¢ F	�	£ n�w À�F 9 ª	W { [ O .

À w 9 ª e	¤�e	¥�e ��F	¦	§	¨	©	ª	ªè : {�9 ª�F	«F¬ .­	®
:
{ � � F	��í	¯ Ç ¬

, ¯ »	°	±	² Q	R�ò	³	´	µ	¶	· F	¸	¹ .
í ³�{ Â >	º	» ® .
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