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Summary. — The Feynman-alpha and Rossi-alpha formulae are derived analyti-
cally for subcritical systems driven by a multiple emission source, i.e. one that emits
several neutrons on each source emission event. The prime example of such sources
is a spallation source, which will be used in future accelerator driven subcritical sys-
tems (ADS) such as the energy amplifier. Such formulae for ADS have been derived
recently but in simpler neutronic models. In this paper six groups of delayed neutron
precursors are taken into account, and the full joint statistics of the prompt and all
delayed groups is included. Thus the present results are generalisations of earlier
ones. The involved problems that are encountered are solved with a combination of
effective analytical techniques and symbolic algebra codes.

PACS 05.40 — Fluctuation phenomena, random processes, noise and Brownian mo-
tion.

PACS 02.50.Ey — Stochastic processes.

PACS 25.40.Sc — Spallation reactions.

PACS 28.20 — Neutron physics.

1. — Introduction

Fluctuations in the number of neutrons or in the number of detector counts in a
subcritical reactor with a source have long been used to determine various reactor pa-
rameters [1,2]. Although in principle such methods are capable to determine both nuclear
parameters and subcritical reactivity, it is the latter, i.e. measuring the subcritical reac-
tivity that has been by far the most important application.

Two fluctuation-based methods, the Feynman-alpha or variance-to-mean, and the
Rossi-alpha or covariance method have been used extensively. As their name already
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suggests, they are both based on the measurement of the second moment of the statistics
of the detector counts. In the Feynman method, one determines the relative variance

@ 20

as a function of the measurement time ¢. Here, Z(t) is the detector count in (0,t),
a random variable, (Z(t)) is its expected value and o2(t) its variance. With the use
of the theory of linear Markov processes (master equations), used also in this paper,
the following expression, the so-called Feynman-alpha formula, has been derived for the
variance-to-mean, refs. [3-5]:

2 6 —a;t
o 1—e
2 ~Z =1 A (1 ———— .
@ (2) +€Zi:0 ( ait )

In the above, ¢ is the detection efficiency. The most important part of the sum is the
prompt part, i.e. ¢ = 0, for which one has

— k—1 .
(3) aow%, p=7 a; L ag; 1>1
and
(4) Ay = (v(v —1)) 1 _ D,

v (B=p3  (B=p)*

where ( is the delayed neutron fraction, p the subcritical reactivity, A the prompt neutron
generation time. The quantities v, (v(v —1)) and D, are related to the various moments
of the number distribution of the fission neutrons; for their definitions we refer to the
Nomenclature in the appendix. For simplicity, we drop the bar from 7 in the following
text. We only note here that eq. (2) is derived with the assumption of a Poisson source,
i.e. the probability of emitting one neutron in dt is S d¢.

The physical interpretation of (2) is as follows. If all neutrons were statistically
independent, as, e.g., those emitted by a radioactive source, the statistics would be
Poisson and the relative variance equal to unity. However, in a multiplying medium,
each neutron will induce a chain, leading to the generation of a total on ﬁ neutrons in
an infinite system. All neutrons in such a chain are correlated due to the fact that they
have a common ancestor. Due to positive correlations, the variance will be higher than
Poisson. It is this part of the variance-to-mean which exceeds unity, where the useful
information on the system is found. However, each individual chain will die out in a
subcritical reactor, the die-out being determined by the time constants «;; this is why
the relative variance saturates.

The Rossi-alpha method is based on the measurement of the covariance function of
the detector counts in infinitesimal time intervals d¢ around times ¢ and ¢ + 7, defined as

_Ca(r) (24 7)Z@) —(Z(t+7))(Z(t))
(5) P(r)dr = 7z 7 )




THE GENERAL BACKWARD THEORY OF NEUTRON FLUCTUATIONS ETC. 1069

With similar techniques as in the foregoing case (master equations) an analytical expres-
sion for the Rossi-alpha formula can be derived in the form

6
(6) P(r)dr = adTZC'ie*“”.
i=0

Here the time constants a; are the same as in (2) and (3), and the constants C; similar to
A; in (4). The interpretation of (6) is also similar to that of the Feynman-alpha formula:
if all neutrons were independent, the covariance would be zero. Due to the branching
(fission) and corresponding generating of correlations, the covariance is larger than zero,
but it dies out exponentially with the same time constants as the ones that appear in
the Feynman formula.

The theory behind such fluctuation processes received a renewed interest recently with
the advent of the so-called accelerator driven systems (ADS). Such systems, intended to
be used either for energy production or transuranium transmutation, will use a subcritical
core with a strong spallation source [6-13]. Since such systems will be run in a subcritical
mode, it will be important to measure, and continuously monitor, the subcriticality of the
system. Based on the experience with traditional systems, the Feynman- and Rossi-alpha
methods appear as suitable candidates for such purposes.

However, there is an important difference between the traditional systems and a future
ADS. Namely, the neutron source in an ADS, usually assumed to be a spallation source,
has statistical properties that are different from those of the traditionally used radioactive
sources. Radioactive sources have simple Poisson statistics, where all source neutrons are
independent. In the derivation of the Feynman- and Rossi-alpha formulae for traditional
systems, this simple source statistics was assumed. In a spallation source, all neutrons
arising from the spallation reactions of one primary projectile, usually a proton, are
correlated, and thus the source statistics is not Poisson, rather it is a compound Poisson
distribution [14]. Although the spallation neutrons give rise to by one projectile are
generated in an intra- or inter-nuclear cascade, and are thus born within a finite time
span and not simultaneously, this time span is very short (a few ns) compared to the
generation time of fission neutrons in the fission chain, and is even shorter than the
lifetime of the prompt neutron chain [15,16]. The arrival times of the projectile (e.g., a
proton) are assumed to obey Poisson statistics with a time constant that is much larger
than the cascade generation time in the target. Thus, to a good approximation, one
can assume that the source neutrons obey a compound Poisson statistics, at least in
conceptual studies like the present one. In other words, it means that there will exist
correlations between the neutrons that were generated, in contrast to the traditional
case, not in the fission chain but in the external source. It is necessary to investigate the
effect of such correlations on the Feynman- and Rossi-alpha formulas.

The formal task is therefore to re-derive the Feynman- and Rossi-alpha formulas with
the assumption of compound Poisson source statistics. This has actually been done re-
cently by several authors [17-22]. However, in all works at most one average delayed
neutron group was assumed (in some papers the delayed neutrons were not even explic-
itly taken into account). The recent work consists in the generalisation of the method to
the case when six different delayed neutron groups are distinguished. Besides the value
of the results themselves, some novel mathematical methods were employed in this paper
in order to arrive at the present results. First, analytical methods were used to derive
the solution of the single-particle-induced distributions in a compact form. Second, a
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symbolic algebra code (Mathematica) was used to evaluate the integral of these distribu-
tions to arrive to the moments of the source-induced cascade. We also believe that the
results have a general reference value. The fact is that details of the original derivations
of the Feynman- and Rossi-alpha formulae are not available in journal publications or
in monographs. Also, the explicit exact values of the various factors appearing in the
Feynman- and Rossi-alpha formulae are not available in the most common references
such as [2], only simplified (approximate) values. This paper contains the most com-
plete list of formulae with an explicit use of six delayed neutron groups as well as full
prompt-prompt, prompt-delayed and delayed-delayed correlations and the multiplicity
of the source.

2. — General principles

As usual in all works that aim to obtain analytical solutions, the space and energy
dependence of the neutronic model will be kept simple. We shall use an infinite homo-
geneous reactor which permits the use of point kinetics, i.e. a space-independent theory.
An energy-independent, i.e. one-group model will be used. The limitations of the latter
for spallation-source-induced neutron fluctuations were discussed in [20]. The detector
is assumed to be spatially homogeneous and infinite and its finite volume will be concep-
tually simulated by a detector efficiency factor. On the other hand, the nuclear model of
the fission chain will be quite detailed. Not only the correlations between prompt neu-
trons, but prompt-delayed and delayed-delayed correlations will also be allowed. With
all likelihood, these latter correlations are negligible in realistic cases, and thus they were
neglected in most of the previous work. Here we treat them explicitly. The other aspect,
mentioned above, is the fact that 6 delayed neutron groups will be taken into account.

Both the source and the medium are assumed to be stationary, thus the arising
fluctuations in the number of neutrons and in the detector counts will be stationary too.
This means that the expected value and the variance of the number of neutrons in the
system is constant, that of the detector counts between ¢ and ¢ — T is independent of
t, and the joint expected value of having one count in an infinitesimal time around ¢
and one around ¢ + 7 depends only on 7. Regarding the source statistics, stationarity
means that the distribution of source emission events is a Poisson process with constant
(time-independent) parameter. That is, the probability of one source emission in (¢, dt)
is equal to

(7) S dt

where S is constant in both space and time. On each emission a random number of
neutrons is released with a probability distribution

(8) pq(n); qu(n) =1
n=0

Calculation of the above moments and correlations leading to the Feynman and Rossi
formulae goes in two stages. First, the statistics of the single-particle-induced cascade
need to be determined. Since we will only be dealing with second moments at most, we
need to calculate at most the second-order or two-point distribution

(9) P(vazlat;N23227t+7-)v
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which is the probability of having N; neutrons in the system at time ¢ and Ny neutrons
at time t + 7, and having had Z; and Z5 detector counts in some time intervals T or
dt preceding t and t + 7, respectively, due to one single initial neutron at time zero. As
we shall see soon, in order to derive a master equation for this distribution, the delayed
neutrons must also accounted for explicitly. However, at this point we only want to relate
the single-particle— and source—induced distributions, respectively, in which relationship
the delayed neutron precursors do not appear. Hence only the above simpler distribution
needs to be considered. For obvious reasons, the distribution (9) is not stationary, i.e.
it depends on both ¢ and 7 separately. For its generating function a backward-type (or
rather a mixed but predominantly backward-type) master equation will be derived and
solved for the first two moments both in the one-time (Feynman-alpha) and the two-time
(Rossi-alpha) case.

In the second step, from this distribution, the source-induced stationary distribution
needs to be determined. This is achieved by the generalised Bartlett formula, which gives
a relationship between the single-particle-induced distributions (9) and the stationary
source-induced distribution

(10) P(Nl,Zl,t;NQ,ZQ,t—‘rT).

The interpretation of this distribution is the same as that of (9) above, with the difference
that the cascade was induced by switching on the source at ¢ = 0 with the further initial
condition of having no neutrons in the system for ¢ < 0. The stationary distribution and
its moments can be determined by calculating the limit of (10) for t — oc.

Introducing the generating functions G and G as

(11) G(l‘l,zl,t;ﬂfg,ZQ,t—FT) :ZZZZx{vlzlzlmészQZQP(Nl,Zl,t;NQ,ZQ,t+7')
N1 Zy No Zs

and similarly for G, the Bartlett formula for multiple emission sources in the stationary
(i.e. asymptotic) case can be written as [20]

(12) é(xl,zl,xg,ZQ,T) = tli)I&é(I’l,Zl7t;I2,ZQ,t+T) =

S/ dt [qu(n)G"(xl,zl,t;mg,ZQ,t—|—T) - IH )
O n

This equation will be used below when one- and two-point second moments of the sta-
tionary distributions will be calculated. It will be used to relate the first and second
moments of the source-induced distribution to those of the single-particle-induced dis-
tributions. These relationships express the source-induced moments as integrals over
the single-particle-induced moments as (12) suggests and will be given here as follows.
Defining the asymptotic mean value of the source-induced distribution as

= exp

(13) N = lim (N(t)) = ié(aﬁl,zl,mg,z%ﬂ’

t—o0 8x1 T1=21=To=z29=1"

the derivation of (12) with respect to x; yields

(14) N =gS /OOO N(t)dt,
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where

(15) q= anq(n).

We also used the short-hand notation

(16) N(t)

Il
—
E
~+
~—
~

In general, in the equations when first-order moments are given explicitly as in (13), we
shall omit the sign of the expected value since there is no risk to mix up the expected
value with the corresponding random variable.

Similarly, for the first moment of the stationary detector count one obtains

(17) Z=gqS /OOO Z(t)dt.

Equations (14) and (17) can be evaluated after the single-particle-induced expected
values N(t) and Z(t) are determined. This will be performed in the next section. The
single-particle-induced mean value N (t) will play a central role since it will be shown to
serve as a Green’s function to several of the other moments.

The asymptotic values of the one-point second moment of the source-induced neutron
number or detector count can be derived as follows. First, define

2
2G(£L’1,Zl,t§ T2, 22,1t +T>|

8371 r1=z21=To=z29=1

(18)  Mnn(t) = (N@)N() —1]) =

and

2

(19) MNNE<N(N—1)>=ié([ﬂl,zhl’g,z%’rﬂ

6%‘% 1 =21=To=20=1"

Then, from (12), with twofold derivation, one obtains for the modified second moment
of the asymptotic source-induced distribution, defined as

(20) finy = My — N2,

the expression

(21) v =0 [ Mun (Dt + g = 1) [ N0t
0 0

where

(22) (alg = 1)) =>_n(n—D)py(n).

Equation (21) will be later simplified when it will be shown that the single-particle—
induced second moment My can be expressed as a convolution over a source function
with N(t) as a Green’s function.
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From (12) one obtains a similar expression for the detector counts as

(23) fizz =S / T Mya(t)di + (g —1))S / T 2@,

where fizz and Mzz(t) are defined similarly to (20) and (18). Again, this will be
simplified by expressing My z(t) with a convolution integral.

The asymptotic two-point second moments, i.e. the stationary values of the covariance
or correlation function of the neutron number at ¢ and t + 7, and that of the detector
counts around t and ¢ + 7, are defined as

(24) Cnn(r) = lim (NNt +7)) = (N(ONN(t+7)) =
- (9.1'18.’172

S 2
G(ZL’l,Zl,IL’Q, 22,7') |x1:z1:zQ:zz:1 — N~

A simple derivation of (12) results in

(25)  Cun(r) =S / " My (1) dt 1 {glg — 1)S / T NN+ ) dr,

where

(26) Myn(t,7) = (NNt +1)).

Similarly,

(27) Cyz(1) =GS /000 Mzz(t,7)dt + {q(q — 1)}5/0OO Z({t)Z(t+ T)dt.

In the next two sections, the single-particle-induced moments N (t), Z(t), Myn(t),
Mzz(t), Myn(t,7) and Mzz(t, 7) will be determined and the integrals (14), (17), (21),
(23), (25) and (27) evaluated. It will be seen that the second-order moments My (%),
etc. need not be calculated explicitly, only the corresponding source functions and the
integrals will be performed over the source functions in (21), (23), (25) and (27).

3. — Derivation of the Feynman-alpha formula

We shall start with a master equation for the joint probability distribution of the
number of neutrons and precursors at time ¢ and the number of detector counts up to
time ¢ in the system. As mentioned earlier, when calculating the single-particle-induced
distributions, it is necessary to consider the delayed neutrons explicitly, because they
appear in fission. In the preceding section, dealing with the generalised Bartlett formula,
we could disregard delayed neutrons because the Bartlett formula is derived from the
source emission properties and the source does not emit delayed neutron precursors.

In this section we shall only deal with the Feynman-alpha formula and thus shall only
use “one-point” distributions and their moments. We shall assume a stationary reactor,
which means that the statistics at time ¢, induced by one initial particle at tg, will only
depend on t — tg. This fact can be used to retain notation on one time instant only.
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When deriving a backward equation based on the first instant method, it will actually
be a “mixed”-type equation, because the time derivative will be taken with respect to
the terminal (detection) time. However, the scattering operator will be a backward-type
one, referring to the interactions of the initial particle, and in all other respects we shall
utilise the properties of the backward formalism.

According to the above, we shall derive coupled equations for the following quantities.
Let

(28) P(N,C,Cs,...,Cs, Z,1t)

be the probability that there are N neutrons and C; precursors in the i-th group at time
t in the system, induced by one initial neutron at ¢ = 0, and that there have been Z
detector counts between ¢ and ¢t — T'. Likewise, let

(29) Qj(NaCI7CQ7"'>CG;Z7t)

be the probability that there are N neutrons and C; precursors in the i-th group at time
t in the system, induced by one initial precursor in group j at ¢ = 0, and that there have
been Z detector counts between t and ¢t — T. We define the corresponding probability
generating functions as

(30) G(z,y1,y2,- .-, Y6, 2,t) =
_;;; ZZxN Cl 2. y6 ZZP(N 017027._,,06’Z7t)
and

(31) H(J,‘ y17y25"'ay672t):

=> 3> - ZZxN Crye. . ySo22Q; (N, Cy, Cs,. .., Co, Z,t).

N Ci Cq

The initial conditions for the above quantities read as

(32) P(N,C1,Cs,...,C4, Z,0) = 6n10¢4,0004.,0 - - - 004,002,05
(33) G(x7y13y2v-~~»y67270) =,

(34) Qj (N, Cl, Cg, ey C@,, Z, 0) = 6N,06C'1,0 R (50].)1 - 605,062,07
and

(35) Hj(mvylay%“wy&z,o):yj'

For P a first-instant—type master equation can be obtained by adding the probabilities
of the mutually exclusive possibilities of having no collision or one collision of the initial
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neutron within (0, dt), respectively. One then obtains

(36) P(N,Ch,Ca,...,Ce, Z,t) =

= (1= Aadt)P(N,Cy,Cs,...,C6, Z,t —dt) +

+ Acdt dn,00¢,,0005,0 -+ 0cs,002,0 + Apdt Z p(l,my,ma,...,me) X
l,mj
l 6 mJ .o .o .o
< [[P(N',ci,cs,....Ce, Z0 ) [T [ @i (N7, G C8, ..., 277 ) +
=1

j=1i=1

+ Xa dt 6n5,00¢,,00¢5,0 *  0ce,0[AET)oz1 + A, T)dz,0],

where the function A(¢,T') is defined as

1, for0<t<T
(37) A, T) =4 0=r="
0, otherwise,
and
(38) A, T)=1-A(¢t,T).

The arguments of the products in eq. (36) are subject to the following constraints:

6 mj

(39) ZNH—ZZN”:

j=11i=1

6 my

ch +Y Y G =Cr k=1,....6,

]111

6 my

IEED D WL

j=11i=1

With similar arguments, i.e. no decay or decay of the initial precursors, one obtains for
the distributions @)

(40) Q;(N,C1,Cs,...,C4,Z,t) = (1= X;dt)Q;(N,Cy,Cs, ..., Co, Z,t — dt) +
—l—)\jdtP(N,Cl,Cg,...,CG,Z,t).

The symbols in the above equations have their usual meaning. A summary of notations
used is given in the appendix.
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From (36) and (40) we obtain for the generating functions G and H; of (30) and (31)
the following differential equations:

OG(x,y1,Y2, -, Ye, 2, T
(41) ( & yZat Yo ):Af Zp(lﬂmlamQ;-"amG)Gl(xaylay%"-7y6327t) X

l,m;

6
X HH?'7(3379171U27-~~>y672>t)+/\c—
j=1

- AaG(xaylnya -5 Y6, Z7t) + Ad{(z - I)A(t’T) + 1}

H,; t
(42) a j(@?ﬂﬂé; y Y6, 25 ) —

= )\j{G(x7y17y27"'7y67z7t) _Hj(x’ylay27"'>y67z7t)}'

The second of the above equations can be explicitly solved. By taking into account
the initial condition (35) one gets

t
(43) Hj($>ylay21"'7y6>z7t> :)‘]/ e_kj(t_t )G($7y1ay27"'7y6327t) dtl+yje_)\jt'
0

Putting this back into (41) yields one single equation from which all statistics can be
derived as

(44) 8G(xay17yzt"'ay672at) _

= _)\aG(xvyhyZv cee 7y6727t) + )\d{('z - l)A(th) + 1} +

+)\C +)\fzp(l>m17m2w--»m6)Gl($7il/1>y2a---7y6727t) X

6 t m;
X H ()\j / e_’\f(t_t/)G(ac7 Y1,Y2,- -, Y6, 2, t) At + yje_’\ft> .
j=1 0

Since the above equation does not contain any derivatives with respect to the trans-
form variables z, y; and z, for any moment, i.e. expected values of any order and any
combination of variables, one single equation can be derived which can be solved sepa-
rately from any other moment equations. The only technical difficulty of the solution is
the calculation of certain integrals as will be seen soon. This is a difference compared to
the forward equation where for the higher moments usually a coupled system of differ-
ential equations needs to be solved. The order of the system is increasing with the order
of the moments. This, in general, constitutes more difficulties in the solution than the
performing of the integrals in the backward case.

We shall now start deriving moments of this equation. For the first moment

o aG(x7y1»y27 < Y6, th)
B Ox ’

(45) N(t) = (N(t))
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one obtains from the equation

6
(46) dzglft) = A1 = BN+ v, / =N A — MN(E) + 5(8).
Here
(47) I/(l—ﬂ)E<I/p>ZZZ"'an(n,ml,...7m6)
and
(48) B = ZZ ijpnml,..., ooy ME).

n  mi

In eq. (46) the initial condition (32) was added directly to the equation such that one
has

(49) N(t)|t=—0 = 0.

This was made to help realise later that the first moment N(t) is the Green’s function
of the higher moments. A temporal Laplace transform of (46) yields

H?:1(5 + ;)

sT+a18% 4+ ags® + - +ags+ar’

(50) N(s) =

where the coefficients a;, 1 = 1,...,7 are given by

6
(51) alzz
6
P +ZB ﬁAJ SV

ag =
1,j=1 j=1
i<j
- ~ B (BitBy) —p
az = ‘ Z )\i)\j>\k + Z ! A J )\i)\j;
i,7,k=1 i,7=1
i<j<k i<j
B (S5b)-p s
= P
e A L[ =5 1

Here the notation p and A were introduced as usual (see the appendix).
The inverse Laplace transform yields

6
(52) N(t) =) ze't,
=0
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where sg and s;, i = 1,...,6, are the seven roots of the denominator of (50), and

6
(53) Zi:M i=0,1,...,6.

1 (si—s5)

Using (14), (50) and (51), one obtains for the stationary, source-induced mean value
of neutrons

(54) N =GSN(s=0) = ash
—p
This is a known result that could have been derived directly from, e.g., a deterministic
point kinetic equation.
To calculate the mean and the modified variance of the detector counts of the source-
induced cascade, we start with calculating from

OG (T, y1,Y2, - - -, Ye, 2, T
65 2.7 = 2.1y = 2o ) =16
82 r=y;=z=1
and
(56) Mzz(t,T)={(Z(t,T)[Z(t,T)—1]) =
- aQG(z7ylvy27"'ay672at) i=1 6
622 xzm:z:la 9 s Yy
respectively. For the first moment one obtains the equation
dZ(t,T) o ¢
57 2L A (=B ZT) + M > vBiA; [ e Nz Ty dt —
dt 77
j=1 0

— AZ(t,T) + MaA(L, T).

The initial condition is Z(0,7) = 0. A comparison of (57) with eq. (46), accounting
also for the initial condition for Z, shows that the first moment N(¢) is also the Green’s
function for Z(¢,T). Thus the solution can be written as

t
(58) Z(4,T) = A / N(t—¥)A(, T)dt',
0
t
M/JWt—wdﬂzZﬂﬂ, 0<t<T
0
= T
A{/ N(t—t)dt' = Zy(t,T), t>T.
0
From here, in the stationary case, one obtains by application of (17)

(59) Z(T) =S /0 b Z(t,T)dt = e\ NT,
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which is of course the same result one obtains from forward theory [18].
The second moment can be calculated by applying (56) to (41) with the result

dMzz(t, T
(60) % = )\fl/(l — ﬂ)Mzz(t,T) +
6 t
+ )\f Z Vﬂ]}\] / e*)\j(tft )MZZ(t/, T) dt/ _
j=1 0

—XaMzz(t,T) +Qzz(t,T),
where the source term Qzz(t,T) is given by
(60 Qza(tT) = Ae| (o — )22, T) +

6 t
+2) (vpra, ) Z(t, T)A, / e N Z(¢ Tyt +
0

j=1

6 t , 2
+ Z (va, (va, — 1)) {Aj / e N 24 T) dt’} +

j=1 0
6 t ,

+2 ) (vava,) {Ai/ e MU Z(¢, T) dt’} x

i,j= 0

S

t
X {Aj/ eAJ'(tt’)Z(t’,T)dt’H.
0

Equation (60) has the same structure as (46), with the exception that the source term
is different. The initial condition, similarly to that of My, is

(62) Mz2(0) =0,

see eq. (33). Since the source term in eq. (46) for N(¢) is a delta-function, as it was
remarked earlier, this means that Myzz(¢,T) can be written as a convolution of the
source term @Qzz(t,T) with the Green’s function N(t) as

(63) My (t,T) = / Qur(t T)N(t — t') dt'.
0
Using (63) in (23) leads to
(64) fizz(T) = ]\7/00 Qzz(t,T)dt + (q(q — 1))5/00 Z2(t,T)dt.
0 0

This expression will now be calculated. First, the integral can be further simplified. In
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fact, it is easy to show the following equalities by use of integration by parts:

o] t 2
(65) AJ—/ {/ e*J'(”’)Z(t’,T)dt’} dt =
0 0
o] t
:/ Z(t,T) </ e N Z(¢ . T) dﬂ) dt
0 0

and

[e%e] t t
66 N[ ez Tyar YN [ e Nz Tyde b dt =
J
0 0 0
1 > ! i (t—t)
= . Z(t, T /e_" VAR dt’>+
Ai 4 A /0 { ( )( 0 1)

t
+Z(t,T) </ e N 71 T) dt’) } dt.
0

Moreover,

(67) %(T)E/OOOZQ(t,T)dt:/OT;U(/OOOZQ(t,x)dt> dz =
ZQ/OT/OOO Z(t,x)a%za,x)dtdx:

T poo
:2Ad/ / Zo(t,2)N(t — z) dt dz,
o Jo
where Z3 is defined in (58), and

00 t
E/ Z(t,T) (/ e Nz T) dt’) dt =
0 0
T b o] t ,
:/ = {/ Z(t,x) (/ e N 7 (¢ x) dt’) dt} dz =
o 9z Lo 0
T 00 x , t ,
:5)\f/ {/ e Mt [N(t—at)(/ et Zl(t')dt/—i—/ 6)\jtZ2(t/,.’E)dtl) +
0 T 0 T

t
+ Zo(t, x) / MY N( - z) dt’} dt}dx.
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Therefore (64) can be compacted as
(69) fizz(T) = [NAe(vp(vp — 1)) + (a(g — 1)) S]R(T) +

RSN 0) + (v, (v4,1))25(T) +

6
~ A\
+ 2N \¢ E Y j)\‘<l/dil/dj>(@i(T)+@j(T)).
ig=1 A
1<J

We can now write down an explicit expression for the Feynman-alpha formula. It is
usually written in the form

(70) vty = 22z _y — Fizz)

where Z(t) and fizz(t) are given by (59) and (64), respectively, with re-denoting T as
t. Using (61) and (69), it is only necessary to calculate R (T) and @;(T"). This was
evaluated with Mathematica and manually.

Introducing the notations

6
(71) w; = 2 S i=0,1,....6,
S; =0 S; + Sj
1 _ es,jt 1 _ e—o&,‘,t
72 ()= (1 =(1-——), i=0,1,....6,
(72) ri= (1) = (1=
and noticing that
6 .
73 J =0, i=1,...,6
( ) Z )\z +5_7 ) 1 ) sy YUy
=0
we have the result
fzz(t) v o
1) P2 st (- 1)) + ot~ D) 50| Soifite) -
Z(t) q =
6 6
2 2 wi fi(t)
20N YNl + (v, ))) 3 )
j=1 =0 ? J
AeN2 DY (vava,) <)\ S fi() i f:(%fk(ﬂ)
- f d;¥d; @ 2 2 J 2 2 |-
52 A+ = Sk~ A; = Sk )\j
i<j
In (72), to facilitate comparison with the literature, the notations o; = —s; were intro-

duced.
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For the system of one group of precursors, which was used in [21], one has

(75) ZOZSO+)\1, Z1=—Sl+)\1
So — S1

5 ZiZO, )\i:O,iZQ,...,G.
S0 — S1

With these relationships eq. (74) reduces to the formula (52) in [21] which is thus a
special case of our result.

Equation (74) shows explicitly the effect of the multiple source on the Feynman-alpha
formula. As was mentioned already in the previous papers using more simplified models,
the effect of the multiple source is a modification of the amplitude of the term due
to prompt correlations, whereas the time-dependence of the formula remains unchanged.
This means that the evaluation method does not need to be changed. Due to the enhanced
amplitude, the performance of the method is expected to be better in ADS than in
traditional systems, especially with deep subcriticalities.

4. — Derivation of the Rossi-alpha formula

The derivation of the equations leading to the Rossi formula is very much the same
as in the previous section, with the obvious difference that we have to keep track of two
time instants. Moreover, the inhomogeneous or source term of the equation, expressing
the detection process, will also be different. However the cascade model is the same and
thus the equation will remain very similar to that of the previous section.

Again, we shall assume a stationary system, such that the probabilities at time ¢,
and to, induced by one initial particle at tg, will only depend on t; — ty and to — to,
respectively. Thus, similarly to the previous section, we shall set g = 0 and ¢; = ¢, and,
in addition, to =t 4+ 7.

The variable corresponding to the detection time will correspond to short time in-
tervals that can be regarded as infinitesimal. Due to this, very simple relationships will
exist between the first and second moments of the neutron numbers at ¢ and ¢+ 7 on the
one hand, and the detector counts within ¢ — d¢, ¢t and ¢t + 7 —dt, t + 7 on the other hand.
However, the second moments will obey different initial conditions for the two, and thus
the moments will also differ, even if the difference is simple.

Hence we define the neutron- and precursor-induced two-point distributions, analo-
gously to (28) and (29), as

(76) P(N1,Ci11,Cha, ..., Cig, Z1,t; Na, Cay, Cas, . . ., Cag, Zo, t +7)
and
(77) Q;j(N1,Ch1,Cha, ..., Ci6, Z1,t; Na, Ca1, Caa, ..., Cag, Zo, t + 7).

The corresponding generating functions, i.e.
(78) G (21, Y11, Y12, - - -, Y16, 21, 1 T2, Y21, Y22, - - -, Y26, 22, t + T)
and

(79) H; ($17y117y127 C Y165 21, 8 T2, Y21, Y22, - - - ay26a227t+7)7
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are defined analogously to (30) and (31). The initial conditions for P, @;, and G and
Hj can also be easily given as follows:

(80) P(N1,Ci1,Cha, ..., Ci6, Z1,0; Na, Ca1, Cas, . ..., O, Za,T) =
= O6N,,10011,0* * 0C416,002,,0P (N2, Ca1, Caa, . .., Ca6, Z2,T);

G(J3179117y127 -y Y16, 2170;'1:27?/217?/227 <y Y26, 2277-) =
= $1G($2,y21,y22, <o Y26, 2277—)'
Here the one-point generating function G(z2,y21, Y22, - - -, Y26, 22, t') is defined as

(81) G(z2,y21, Y22, - -, Y26, 22,t') =

. /
= G($17y117y127 <5 Y165 21, 07552792179227 -5 Y26, 227t )’$1:y112912:"‘:y16221:1

and is obviously equivalent to the one-point distribution defined in the previous section.
In a similar way, one will have

(82) Hj(xlayn,ylz,~-~7y16721,0;$2,y21,y22,~~~7y26722,7) =
=y Hj (22,921, Y22, - -, Y26, 22,7), j=1,...,6.

It is easy to see that for calculating the correlations, the above initial conditions are
sufficient.

As mentioned above, the structure of the equation is exactly the same as in the
preceding section, thus we turn immediately to the equation for the generating functions.
We will have

d
(83) &G(Ilyylhymw-~,y16,217t§x2,y2179227---79267Z2at+7') =
= )\c - )\aG(l‘l,yll,le, s 791672’1at§$27212173/22a .. 'ay26az27t+ T) +
+ A\ (ZlA(t, dt)C + ZgA(t + 7, dt) + Alg) +

+)‘fzp(l7m17m2a"'am6> X

l,m;

l .
x G ($17y117y12>~-~7y167217t7$279217y227---7y267227t+7') X

6
Hmj .
X J (T4, Y11, Y125 - -5 Y165 21, 6 T2, Y21, Y22, - - -, Y26, 22,1 + T)
Jj=1

(84) dH] ($15y117y127 o5 Y165 21, 8 T2, Y21, Y22, - - -5 Y26, 22, T T) o
dt B

= )\j [G(-rl7y117y127"',ylﬁazlat;anyQIayQZa"'7y267z27t+7—) -

— Hj (21,911, Y12, - - - Y16, 21, b T2, Y21, Y22, - - - Yo, 22,1 + 7).
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In (83), the A functions are defined similarly to (37) and (38), namely

1, for 0 <t <dt,

0, otherwise,

)

(85) Alt,dt) = {

and
(86) Ay =1—A(t,dt) — At + 7,de).

Two remarks are in order regarding eqs. (83)—(86). The first is that in (83), the total
derivative with respect to ¢ appears on the r.h.s. which thus affects two arguments. This
is the consequence of the fact that we have transferred the derivative from the initial time
to the terminal times by choosing top = 0. The second is that it is assumed that A(¢, dt)
and A(t + 7,dt) are non-overlapping, i.e. T > dt. This only affects the calculation of the
correlation in detector counts. In experiments the condition 7 > dt is always fulfilled
since one only considers joint count statistics in different time bins but not in the same
one.

Again, the generating function of the distribution induced by one single precursor
from the j-th group, H;, can be expressed explicitly in terms of G by solving (84). As
mentioned, only the case ¢ > 0 needs to be considered. The result, satisfying the initial
condition (82), is

(87) Hj (21,511,912, - - -, Y16, 21, 15 2, Y21, Y22, - - - 1 Y26, 22, L+ T) =

t
= )\]/ eiAj(tft/) X
0

X G(21, Y11, Y125 - - -, Y165 21, U3 T2, Y21, Y22, - - - Ya6, 22, ¢+ 7) dt’ +

gt
+ye” N Hj (22, Y21, Y22, - - - 5 Y26, 22, T).

Using the one-point solution (43) of H; for the last term of the above, one obtains

(88) H] ($17y117y127 5 Y165 21, £ T2, Y21, Y22, - - -5 Y26, 22, T F T) =

t
= A]/ eiAj(titl) X
0

X G(x1,Y11, Y125 - - -, Y16, 21, 13 2, Y21, Y22, - - - Y26, 22,1 + 7) A’ +

.
+ype Nt {)\j/ e MG (29, Y21, Y22, - - Y26, 22, 1) At + yzje’\jT} :
0

In the present case, it is obviously not practical to substitute the above solution back
into (83). Rather, it is more convenient to keep it separately.
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The first moment of the neutron number, i.e.

(89)  N() = (N() =
- 8G($17y117y127"'7y167Z17t;m2,y217y227'"7y267227t+7->
o 61'1 ’

Ti,Yij,zi=1

will be exactly the same as before, i.e. eq. (46) with the initial condition added in form
of a §-function. Hence the solution for N(t), eq. (52), will also be the same. Calculating
the first moment of the detector counts, i.e.

(90)  Z(t) =(2(1)) =
o 8G($1,y1179127 <oy Y16, Zlvt; T2,Y21,Y22, - -, Y26, ZQat + T)
a 621 ’

Ti,Yij,zi=1

will also yield a solution similar to the previous case:
t

(91) Z(t) = )\d/ Nt —t)A(t,dt)dt.
0

Due to the infinitesimal value of d¢t, (91) can be written as
(92) Z(t) = eAe dtN(¢)

and the stationary first moment of the detector counts in a system with a source is given
as

(93) Z =¢e)s dt%.

We turn now to the second moments, i.e. the correlations. For the neutron number
we define

(94) Myn(t,7)=(N@)N({t+ 1)) =

o 82G(1'17y117y127 -5 Y16, 217t3$2792179227 -5 Y26, 227t + T)
8w18x2

Tq,Yij,zi=1
Then, one obtains for My the equation

dMNN(t,T)

(95) o

= )\fl/(l — ﬂ)MNN(t, T) +

6 t
+)\fZVﬂj>\j/ eiAj(tit,)MNN(t/,T) dt/ —
j=1 0

— )\aMNN(t,T) +QNN(t,T) +5(t)N(T),
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where Qn N (¢, 7) is given as

(96) Qnn(t,T)=

= \f [<up(up — 1)>N(t)N(t +7)+

6 t+71
+) (v, { Aj/ e MEFTTEIN @) At +
Jj=1 0

0

6 t t+7
+ ) (va, (v, — 1)) 2/ e_/\j(t_t)N(t’)dt’/ e N Ny At +
i=1 0 0

t
+N(t+7))\j/ e*ﬂ”’)N(t')dt’} +

6 t t+7
+ Z l/dil/dj>)\z‘)\j{ / e~ Ni(t—t )N(t/) dt// e~ Ni(t+T—t )N(t”) dt” +
0 0

i,j=1
t t+7
+/ e_)‘j(t_t/)N(t’)dt’/ e—,\,i(t-s-r—t”)N(tu) dt”H'
0 0

i<j

In (95), the initial condition
(97) MNN(OJ'):N(T),

which can be obtained from (80) and (94) (or by simple heuristic reasoning), was again
added in form of a J-function.

Here it is seen again that eq. (95) for Myn(t,7) is the same as eq. (46) for N(t),
except for the source term, and that N(t) is the Green’s function for Myn (¢, 7). Since
the inhomogeneous term of (95) is now equal to Qnn (¢, 7) + §(t)N(7), one will have

(98) Myn(t,7) = /Ot [Qnn (', 7)+ 6(t")N(T)|N(t —t')dt’

and using this in (25) will result in

(99)  Cnn(T)=N /Ooo Qnn(t,7)dt + NN(7) + (q(qg — 1))S /Ooo N(t)N(t +7)dt.

The concrete value of this expression is of no interest here, thus the integrals in (99)
will not be evaluated. We just note that by N(0) = 1 and utilizing the concrete form of
Qnn(t,7), one can show that for 7 = 0 the above reproduces the stationary value of the
variance of the neutron number in a system with a source, i.e.

(100) Cyn(0) = 6% n = finn + N.
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Our concern of interest is to calculate the correlations in the detector counts, i.e. the
Rossi-alpha formula. Thus, similarly to (94), we write
(101) Myz(t,7)=(Zt)Z(t+71)) =

_ 02G (1, Y11, 012, - -+ Y16, 21, 6 T2, Y21, Y22, - - 5 Y26, 22,1+ T)
821322

Ti,Yij,zi=1

For this quantity, a result similar to (95) is obtained, viz.

szz(t,T)
102 _— =
(102) "
= )\fu(l — ,B)Mzz(t, 7') +
6 t
+ /\fZVﬁj/\j/ 6_>\-7(t_t/)MNN(t/,T) dt’ — /\aMzz(t,T) + sz(t,T),
j=1 0
where

(103) sz(t,T) =

=\ [<Vp(up — 1)>Z(t)Z(t +7)+

+

f
6
]:

t+1
<vaj>{Z<t>Aj / NI Z() a +
1

t
+ Z(t+ T)/\j/ e M= Z(¢) dt’} +
0

t t+7
(va, (va, — 1)>>\j2/ e_/\j(t_t)Z(t’)dt’/ e M Z() dt” +
1 0 0

-

+

J

+
M=

t t+7
<Vdi Vdj>)\i)\j{ / e~ Ni(t—t )Z(t/) dt'/ e~ Ni(t+T—t )Z(t/’) dt” +
=1 ' 0 0
i<j

+ /t e Z ¢y ar’ /t+T e~ MUHT=) Z (4 dt”H .
0 0
Since from (80) one obtains
(104) Mzz(0,7) =0,
there will be no J-function on the r.h.s. of the equation for M. Thus Mz, is given as

a convolution between N(t) and Qzz(t,7), and for the correlated counts in a stationary
system with a source, one will have

(105)  Cys(r) =N /OOO Quz(t,7)dt + (g(g — 1)>s/0°° Z()2(t + 7) dt.
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This equation has one term less on the r.h.s. than eq. (99), which expresses the fact that
the detected initial neutron will have no progenies and thus cannot create correlations,
whereas without detection the initial neutron will start a chain.

By virtue of eq. (92), i.e. the fact that we use infinitesimal time bins, from (103) one
will have the simple relation

(106) Qzz(t,7) = X} (d)*Qun (t,7)

and finally

(107) Cypz(1) = e2M\3(dt)? ( / Qnn(t,7)dt + (g(g—1) S/ N(t t—i—T)dt).

In view of the relationship between the cross terms, i.e.

oo t+1
(108) / {N(t) / e NI Ny At +
0 0

t
+N(t+7‘)/ eMtt’)N(t')dt’}dt\pj(r),
0

oo t , t+1 ., 1
(109) / {Aj/ e”\f(t’t)N(t’)dt’/ e ha(tHT—t )N(t”)dt”}dt 3 (7).
0 0 0

and

> t t+T
(110) / {/ e Ni(t—t )N(t’)dt’/ e~ Ni(t+T—t )N(t”)dt”}dt+
0 0 0

o] t t+7
+/ {/ e_’\f(t_tl)N(t’)dt’/ e_’\'i(t”_t”)N(t”)dt”}dt:
0 0 0

1

=5 N (Wi (7) + W;(7)],

this formula can be compactly written as

(111) Czz(r) = 2AF(dt)? [{NAf@p( 1))+ (q(q — 1)) / N(t)N(t+7)dt +
# St + 3 o —1>>}wj<r>+
+21AA+AA (va,va, YW (1) + (7 )}}
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Here

0o (t+71) ,
(112) (1) = / e NN (1) ( / et N(t’)dt’> dt +
0 0

o) (t+7) ,
—r 0

The Rossi formula is usually written in the form

Czz(t)

(113) Prossi(t) dt = =22

Using (111), it is only necessary to calculate [~ N(t)N(t + ) dt and W;(7). They were
evaluated with a Mathematica notebook analytically.
The result by re-denoting 7 as ¢ can be compactly written as follows:

(114)  Paosi(t)dt =

ot [y~ ) + = 102 S -
_Z)‘( VpVd, ) <Vdj(udj_1)>) fz/t\%_

=0 5

pei ) (WL G o S )

J

[=2]

6

-2 5

3,j=1
1<J

where the functions w; are exactly the same as in (71), whereas the functions f;(t) are
defined as

(115) fi(t) = —siefit = aue” ™t i=0,1,...,6.

This is the rigorous solution for the Rossi-alpha formula with multiple emission sources
and by taking the delayed neutrons as well as their correlations into account.

Again, it can be shown that by condensing the six delayed neutron groups into one,
the present formula is identical with the formula derived recently in [21].

It is also seen that the presence of the multiple source in the Rossi-alpha formula has
the same consequences as in case of the Feynman-alpha formula. Namely, the time de-
pendence of the formula is unchanged, only the amplitude is increased. The contribution
of the source correlations (multiplicity) to the correlated detector counts has the same
relative weight as in the case of the Feynman-alpha. Again, this property can be seen
already in the starting equations, cf. eqs. (103) and (105), without deriving the final
formula.
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5. — Conclusions

The present results constitute the most detailed and rigorous calculations of the
Feynman-alpha and Rossi-alpha formulae for systems with multiple emission sources
(ADS), six delayed neutron groups and prompt-delayed and delayed-delayed correlations
included. Besides the value of the results, it was demonstrated how the problem can
be solved effectively with a combination of analytical techniques and symbolic algebra
calculations, using Mathematica.

The results show that the dependence of the formulas on the counting time (Feynman-
alpha) or on the time delay of the covariance (Rossi-alpha) is the same for a spallation
source as it was in the case of traditional sources. It is only the amplitude of the corre-
sponding expressions that is increased. The physical reason is that the time dependence
of the formulas, i.e. the saturation time of the variance-to-mean and the decay of the
covariance, is related to the dying-out of the individual chains induced by the source neu-
trons. This dying-out is only related to the properties of the system, but not the source.
The amplitude of the variance-to-mean and the covariance, respectively, is determined
by the production rate of correlated neutrons. In a traditional system this production
takes place in the subcritical fission chains, whereas in case of a spallation source, an
extra term exists since original correlations are generated already in the source. This
is why the amplitude is increased. This increase of the amplitude is useful in practical
applications, thus use of the Feynman- and Rossi-alpha methods is promising in future
accelerator-based systems.

From the point of view of practical applications, the reactor physics model used
is rather restrictive, i.e. an infinite, homogeneous and energy-independent model. For
practical applications several of these limitations should be eliminated. In particular, the
energy dependence may play a larger role than in traditional systems, due to the high
energy of the source neutrons. Calculations in more complicated systems, however, lend
little hope of analytical solutions and will require the use of Monte Carlo methods.

APPENDIX

Nomenclature

v = neutron velocity (constant).

v = average number of total neutrons per fission.

Y = macroscopic cross-section of capture.

Yt = macroscopic cross-section of fission.

Yq = macroscopic cross-section of detection.

Ae = v - X = probability of capture per unit time per neutron.
Af = v - X¢ = probability of fission per unit time per neutron.

Ad = v - Xq = probability of detection per neutron and unit time.

Aa = Af + A¢ + Aq is the total probability of neutron absorption per unit time per
neutron.

A; = the j-th group delayed-neutron time constant.

p(n,m1,...,mg) = probability of emission of n prompt neutrons and m; delayed
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neutron precursors from the j-th group per fission.
pq(n) = probability that n neutrons are generated in a source emission event.

S = probability of an external-source neutron emission per unit time.

p= ”)‘lf;j‘a = "Eyfz_fgﬂ reactivity of the system.
1
vt

(
(
(
(

= :\\—d detector efficiency.
f

vp(vp — 1)) =32, >, n(n — 1)p(n,m1,...,me).

Vpld;) = Do Domy " D MTGD(0, M, ).

Va; (Va; — 1)) 200 2oy " 2o M (my — 1)p(n,may, ... me).
Vd:Vd;) = Don Doy " Dmg MiTP(1M, M, . M),

D, = (”1'4272_1» fission Diven factor.

(g(g—1))

D, = “Sgz - source Diven factor.

REFERENCES

[1] Unric R., Random Noise Techniques in Nuclear Reactor Systems (Ronald, New York)
1970.

[2] WiLLiaMS M. M. R., Random Processes in Nuclear Reactors (Pergamon Press) 1973.

[3] PAL L., Nuovo Cimento Suppl., T (1958) 25.

[4] PAL L., Acta Phys. Hung., XIV (1962) 345.

[5] BELL G., Ann. Phys. (N.Y.), 21 (1963) 243.

[6] CARMINATI F. et al.,, CERN Report CERN/AT/93-47 (ET) (1993).

[7] ANDRIAMONIJE S. et al., Phys. Lett. B, 348 (1995) 697.

[8] Rier H., MAGILL J. and WIDER H., Accelerator driven systems - some safety and fuel
cycle considerations, Nato Advanced Research Workshop on Advanced Nuclear Systems
Consuming Ezcess Plutonium, 13-16 October 1996, Moscow, Russia, edited by E. R. MERZ
and C. E. WALTER (Kluwer Academic Publisher) 1997, p. 147.

[9] Gupowskl W., (Editor), JABAT: Impact of the accelerator-based technologies on nuclear
fission safety, in EC Nuclear Science and Technology Nuclear Fission Safety - Progress
report 1997 EUR 18322/2 EN (1997), p. 50.

[10] JaMESON R. A., LAWRENCE G. P. and BowmMmaN C. D., Nucl. Instrum. Methods Phys.
Res. B, 68 (1992) 474.

[11] BowMAN C. D., Accelerator-driven transmutation technologies for resolution of long-term
nuclear waste concerns, Eighth International Conference on Emerging Nuclear Energy
Systems, ICENES’96 Proc. Inst. Phys. €& Power Eng. Vol. 2 (Obninsk, Russia) 1997,
p. 660.

[12] VENNERI F., The physics design of accelerator-driven transmutation systems, AIP Conf.
Proc., 346 (1995) 117.

[13] BROWNE J. C., VENNERI F., L1 N. and WILLIAMSON M. A., Accelerator-driven
transmutation of waste, Acta Phys. Hung., New Series, Heavy-Ion-Physics, Vol. 7, No. 2
(1998) 249.

[14] GRIMMETT G. and STIRZAKER D., Probability and Random Processes 2, rev. ed.
(Clarendon Press, Oxford) 1992.

[15] PIENKOWSKI L. et al., Phys. Rev. C, 56 (1997) 1909.

[16] HILSCHER D. et al., Nucl. Instrum. Methods A, 414 (1998) 100.

[17] PAzsiT I. and YAMANE Y., Nucl. Instrum. Methods A, 403 (1998) 431.



Z. F. KUANG and I. PAZSIT

PAzsIT 1. and YAMANE Y., Ann. Nucl. Energy, 25 (1998) 667.
YAMANE Y. and PAzsIT 1., Ann. Nucl. Energy, 25 (1998) 1373.
PAzsiT 1., Phys. Scripta, 59 (1999) 344.

PAzsiT 1. and YAMANE Y., Nucl. Sci. Eng., 133 (1999) 269.
BEHRINGER K. and WYDLER P., Ann. Nucl. Energy, 26 (1999) 1131.
BARTLETT M. S., J. R. Statist. Soc. B, 11 (1949) 211.



